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i o(Xz) thity B & (BOeh Xy Bk (S oh) EAERb R Bt X B0
— AT Xr BT RSB X BRI BGERTE Xy, R
NS, RS - S

# 155 FRZE (0,0(X)) FREER () (T ERE
to0) NP EERER: #E—A R' LY Borel HE glarw
(AL BUE £ 00), f{ifE |

;f(w) = E(Xr(m)):

i H g(X(w)) PRI T Xo B9 TTR0E T Xr,, B gXr = gXo,

g X RAROQT Xo BRI EE Xy, X—B LA Mz
1.5.4 BHEEIREH , S Ba € 6(Xy), 38 Bo AREGBTF X7
SR R AT TN
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E—E FHEBRERFRGHE

SL g F R F

WX AHRAWERN (0, F,P) LHREHNER, 4 %8
.04 e &7 BITEER—HENRAET, EXXHEHPEER
ARSBRE, SUERINZENSER, NSHEBTUERH
A R R A, |

RAVME, W OLEHE, ECAEH BEAHELET, EH 4
B AR P(4]B), MEEESMHRRT, M B R N 4 %45
RIS, R RTTEVHT B IR P(B) BREEMB BN
¥, W 4, B EATRENIEE P(4B) BIeRHEHE 4B % ik
aﬁaw WL PA|BY EELS

P(a|B) = PAB) s prpy = g
P(B)’
% P(BY =0, R P(4B) = 0, FE P(4|B) TEX. 4B
P(B) >0, P(4IB) ¥k ANKRLEY, CAE FAKER
P(Q|B) =1,
P(A|BY=0, A€ &,

P(jZ 41B) = Z'P(A;IB).

B ET R PO | B)Y BRI as ] (R, #7) L — M ERRE, &5
NER X HERBUEORSFE, WRERS YOGS ¢:E %
ERIFRET, XABRE, Bk E(XIB), FIL

E(X[B) — LX(m)P(dm| B).

WA PC|BYE{4By 1€ F} LETE, FULBSR0AY
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£F LK(w)P(deB). Bt ACB,4¢ F i

P(4B) _P(A4)

FAIB) = 58y~ p(BY"

PR LR e XET

1
(B Js 5 X{(w)P(dw),

B ETR, EEAIEN B REMFET, XBNKEEE E(X|B)
HTFR&H:

P(BYE(X|B) = LX(m)P(dm) = E(XIs). (1)

#H P(B)>0, E(X|B) @EN; #P(B)=0, E(X{B) TR,
jltﬁj: Ig(w)=1,H weB; Is(w)=0, & wé¢B, X IMAFH
DS REHZERENA, Bl X =1,,4¢ 5 I, BHLE
XAEE
P(B)E(1,[B) == P(4B),

EHb e AR G-BRERENENRRIEE, B0 P(4|B) = E(1 4]
B).

FHEB RS TRER:

%XZ}G W ECX|B) =0, % a%H¥, N E(ﬂ|3)= a,

X, HIE AR TR R, B — s, SO X, B3I

i=1

B, B( X X,18) = 3 E(X,|B).

AERNZEBRECREIER ¥ =y NEHFT (BEHESR
Y=yit), VERBXNEHHE EX|Y =y). —FEXA
FEVEMREECNES (Y =y} REM, X0&GHE, B—
H XA FENEREE Y HNE v WART®RE, FUEEY @
PR, MImRATERY NI BRENER: ¥ =1L, XNEFBEE
MEY=LEH B REREY =0, TRABILER YN, B
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MEBEXHNKRGHETUST EX|Y =1) = EX|B), W
PI%T E(X|Y=0)=E(X|B?), Hlt, HBVBEHREHE (%
REEER) TRIE 0 o (IR A R E HEAEEN. RIMBAXA
FEPIsRIR U n B KIS E R0 » R, 18 9 YRS B RE
EHRANT o, BRIMWE—N- « IR E(X|9) (o) (RESH
EX|%)YEXmT,

E(X|B), we B,

E(X|%)¥(a) = {E(XIB‘): wg B,

B X CRY o BRI, RATASS BB BT, X AR
B VR E(X|[9) W— 17T He L | ,

BRI, ST R (B =1,12, ©e ) B QB4
Hl, 4 & =~ U(Bnﬁ =152, »++), fl (B,,, n=1,2,- "') 2]
BUNTF o i, EX 22, P(B,) = 0, —¥n, X« FEm
T

B(X|€)w) = 3 E(X|B)s (),

HELRNBMERIEA 1, P(B;) =0, W E(X[B,) EEX, Bl
EX[E)RE® FP@M%J:?EEM BEZ.EX| ) () EZM
EUSMPE RN, BabX N ERL BIIREA T B, M X KIS
ZEMAHEK E(X|¥) —TtE, BHBI&HEHENNE
A E X

RN 2L BBV B XMRSFE, RSNENM RN
T71 & =Tl

E(X|%) = ‘Z (P_(i?—;)gﬁf X(W)P(dw))fﬂj

= EE(X'B)IE | (2)

j=1

ﬂqfﬁﬁf‘s‘%fﬁ?ﬁ T X &b iiE, Iﬂiﬁ:@%‘é’? (B, 2=1,2,
)E@Ed“%aﬁ ﬁﬁ(Bn:ﬂ:’l 2, - )EQ.&’J /]\'53‘7‘%!!3
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B.€F, n=1,2,++. HEEZEREGRENRLRETY
T HERE LR, -

BN EMNEE X =1, 465, MESENELFHE
SH @ AT RN E(1, %) = P(A]?) uufatawfaiﬁ .@w
B &G RR,

EXE, RIJE“ELTF R 9 M AN BATRNH
(Basn = 1,2,+++) W HEHFFE, REY F(X|9) R RAUE
HELENE B, W XUAREYE, METUEHER @ THTEE
BB XSS E(X[B), P(BY >0, Bk, & B¢ Z,
W BSARIE (B,) PIHBENE, Bl B = 3'B;, TRH (1)

P(BYE(X|B) — L XP(do)y=3 L- XP(dw)
| = SYP(B)E(X|B))
=[ E(X|%)P(30)

=1 EQX | 9P, (o). (3)

Wi P R P RIRFT o 0% LROBHME, R A E(X] B)
AUBE (X|9) B8, %R ) TLUBREAREHE E(X]
D) R R X, RIS FRIEL,.

EX2LZ 4 XH—HHER, KRAHE, € 6 F BT
cif. BAT RO BXNERRE ERX|9) EXHET @
TREE, HEEN P MRERSST XN PHRERIE &
TR INEEBew g

[, XPCaa) = | ECX[%)Py(aw). ()
EXARERS || XP(da), Be @ 7 Py DB, Hre Py U

RENELTRE -4 @ TAG X9 8 @ORY. #
H2, B(X|9) TE—A Py BB LEBRERERE X,
CREAELEN. EREEEY 210 R E X 212
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Ein bk, SBERIFEERE e EREEEEY, HRIEY o
€ Biy P(B) = 00, B () RFHEN EX|¥F) (o) = E(X|
B). BRMHE: YweB M, EX|Z)w) AFH, F2LE,5
E(X[9)(w) RABE, BELPEBIMIRENE, X¥E—XE B
RN S A T E,XERTAERN, HAF =o(Bmn=1,
2,-+0). FRAY we B I E(X| %)) AEB, (@) H

[, X = PCBIEK 930D, e B
A

EX[#)(w) = 5=, XPGw) = ECx1 ),

IR E(X|9)= 2] BE(X| By, HipRHERENL 111,

BRSNS, RINBEDREME LK EMEAF, A
EXEGHSE., 49 HREE (Bnr=1,2, - )HEB/ITo
8, ik B.€ F ,H(Be,n=1,2, - )R OH—15E. HEE
Ade F, HUAKEAT o B9 AR &BBROBEEEY
B REE T TE o .

EX 213 (REREL) P(4|9) RELT o bW G TH
PREL. :

PA19) = DB 4y S RalBY. ()

SR SR AR — A & PREET, Dy 2, 8P4 D) &
5B X, ,
EX 214 GEAHEEN) P(419) BEXT 0 EHF—4
PUB) = | PAl@W, (), (8
B A SUEEE P(4]9) SN ELREE, |
P LR e A TR I
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%%’ By f’{J (Bn!' n=1,2,-- )Eﬁﬁﬁgﬁﬁﬁzﬁhﬁﬂﬂu
EP(A|9) %R HER— MU TRIRRQEMEIELX). HE

A deF,
PAB; PB,‘, ﬂJEB;,PBf }0,

TR, EEHNOREANEN o, PHE F FAOKENE

P(- | %)), WWRHIER XNBE EX £, m‘.\iﬂﬁﬁ‘ﬁ“ w€Q,

TIHSBFLE '
EQX-(m')P(dmw G ¥ w), |

ERoBEN, BATRAMER: 4 we B B;ZB i

LX(m’)P(dm’l D)) = L X(a)E (fg:e'_fr‘)
1

— FE_B“)_ SB- X(m’)P(dm’)

= E(X|B)),

AT L, X 0 € B,
| K@ |9) () = ECX| @),

KRR, MR SRR B, RATE LS L RNLE B X Y 5&H
5 XA KR PO D) MBS 6 24,5

E(X| @)QLK(m')P(dm' |%) we.
IR EX 7R4E.

§2. — & & #

FE L, SR IR AR R A R A R
WF RS B oNTR TSN, BN SR
F o @ REXM,HA LW ENBEEE Y RERR AT, B
BRI AT, XEERETFH Radon-Nikodym . 78
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EATR,

B, F P ABRERERSH. CAF NT R, PR
RT ¢ EHBRREIEH Py, TRATIEX:

X 22) REMENERXNRDELE, HEE e ¥, B8
To & M XNAEHE EX|9) —REETIIXAN ¢ 7R
R EFH BRI EM—

[ xpGaoy = | ExI®)PCd0). )

L SE X AR R A T IR R A
1) E[E(X|¥)] = EX,
2) BEXARH S AWM (TiED XE %), W EX|¥) =X

as., BIE E(X|F) =X as.
3) E(X|¥) = E(XV|#9) — E(X"}¥) as.

RELREENE, BHXHPERERS o(d) =Lx

P(dw), A € F R o w5 MR, AN P St MM o - ) B
TToeB® I (BFEeel - )) iﬁ%ﬂﬁbﬁﬁb,ﬂﬁf’s%iﬁﬁﬁ
HH Radon-Nikedym [EIEN, AFE & W[ NEIP E(X|F) iR
FR (1), MEERESZSMN & o UEH 3R %X (1),
E(X|%) B R SH BTN~ AT o SFBEEILE
E(X|¥)w). EXREEIBAEZERXHRIELE, EHT X2
AR, K X RERD o( - ) E F LH o &Y, TEXR
RiEe(- )RBRTF B F Mol )BR o HF, Plluliw=
{9, @} B ¢(Q) = oo, HkTTR,, ¥ X GBS EIER, o * )
ARBE e F5,HH EX|9) RLEH LE—H o XE3. 8
M X AR, PR o, BEHR, Wi EXIL)H LA @ %
A%,

it = {X:EX 7, X AW TR ). 8 Xec £ibELE
E(X{%), Wil E(-|9) FTLUERR £ 3] & AR MR
FlESER %, ¥ TRREEROEABHN—IMERE—ISME,
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AR RRIEIES EC |2) MERA T 0 B9 NRETHE.
AL B EC{Z)EREXT X & ﬁ_l:ﬁifﬁ? R.LEE@
¥, 7 (o, X) B2 ERE EX]F) (), |

B EC[F) RIRT & 1 Tﬂm%ﬂl‘ﬁh‘@&%ﬁﬁa ﬁ%ﬁﬂ&*&
F o F RMRREREL((¥). BWNER BESF, FHAMK
P(B|¥) R L e - : :

| PCBI@IP ) = { P (d) = P(A B),
H— de @,

L Yr= (Y“ re T) i@—uﬁﬁmﬁiﬁ, Ell }'r ;%EE_MMES’ I
(@, 77} g7 JlE g (R, Z(RY)) E@Tfﬂfﬂlﬁ%% rﬂau@m
Hita ?rgﬁﬂﬁiﬁ](g F ) g — 4\?3{]%53@10'(5’1)‘
Y @B(RT)), & Xe &, FRELEEX|o(Y)) x4 RS
NI B ABEHLER Y RXIEME RS, “Tu"’"ﬂa% E(X IYT)
B LA HEgPdea(Y)H |

| B VP a) = -L-xwm).,; @
Hh B(X| Y5 & oYy T Rsas, TUE—A Py, THE ER
V. BEABYORBASR 1.5.5 8,5 % B i Bordl Hi¥ ¢, 4
‘r% E(Xiyr) = E(YT)-.- ﬂﬁﬂil:![ T 3@%%‘%&‘1‘ E(YT) ﬁffﬁﬁﬁﬁ_
Yo, RO £(Ye) = g(¥.), $HAN T, %TE@%’PT&%% |
MEA Be BRY, RS HRE |
PYT(B)'P(};I(B))'"F{YTG'B}: o '
Py, B B(R) EERAE. TENEZBes®RDE . -
i ERI Y0P ap@a) = [y eV DPei(d)
= | e H10P ey (d)
= j'ﬂg(YT)IB('YT)PH‘(?T:I(J&_])

= { S0P (1)
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I A LRGN
B, 54E (2) XA, iﬂfﬁ Be m(R*) &
iz XPG2) = | £GP (e, (3

AR G) RERATEHRMES Yr=yr B X H@T%&ﬁ‘ﬁﬁ%fﬂﬁﬁk
o R EX|Yr =) =¢(r). HERR, HEIHE EX
| Yo) BREEY Y HOBEARZSE] A Borel pREIATBIM%AE Yr=¥
b HAES EX YD) () = g(¥p) = E(X|[ Yz = 91,
A LA ARSI ER 4 € F, 4F Yo 4 BRI HSR
P(A|YT)$EU,¢|YT). :

§3. SRRV R

AN BE IR, % T AR E, AN AFERY
BRI SR R ENEE. 8 F WFoR Y HEL, &t
MY E(X|®), Xc &, ﬂﬁﬁﬂﬁﬁa‘wm&ﬁ

g 2.3.1

(i) %X*c(ﬁﬁ)as ,J‘UE(clcﬁ)—cas %X} 1 a.as.,
W E(X|¥) 2 E(Y|®) as. - -

(i) 2. FEERR c, . B X, YL B

"E(e X + eV |¥%) = E(X|%) + aE(Y %) as.

R SR E LR BRI,

P(R2[Z)=1 as., P(6|%) =0 as., P(4|¥) =0 as.,
HEE 4657,

FH 23.2 GRE D RIBRETE) H0<X, 1 Xas.,
W 0 << EX,[¥) E(X[#) as.

i EX X < Xops 5., # E(X| D) < B(X,0]9) as.
BiOLY n'—> oo BfHEREY 1 ML im ECX,|9), IERIEY

E Y]

X, X' A Afl, HR{ER BcF A
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LE(X_}gf P (de) = LX,,P(J:-J),
IB X'Py{de) = L XP(dw), FIEH BE P,

HILA X' = E(X|¥) as., Bild
0 < E(XH|¥)E(X|¥) as. L5
P BRI QM ST R
HERNE N, X, =Y, Y AHAWEHHER, HX,1X a5, J
E(X,|ZYE(X|¥%) 2.

P(-Z Ay Eﬁ) = Z P(44| ) as., Bhib 5 AR (4y)
£=1 k=1

BAZEH,
thi8 2.3.3 (R IER) Faton 5|32) R X, Z X REBEHE
B.EMEYTRFA (X,) N X, =2 Y as. (;‘aEX,.&-":..Zas),
Wiz g
E (hm:nf X.|9) < 1miilf E(X,,[fﬁ) 1.8,y

(limsup E(X,| %) < E(limsup X.]I‘ﬁ)a.s.),’

HANE,E Y<X,<Z as.,, n=1,12, ¢+,
H X,—»Xas., Wl E(X,|9) > E(X|%)as. .
W HEEBEEE. X, 2005 n=1,2,-+ XK
X, = ;gf Xyt Hnl.liinf Xa.
HcER B8 T U Sl e B A '
liminf E(X,|¥) = hm E(mf X, )

Tt =

= E(hmme |$§)a S.p

L ]

N—RiEEXE X, — Y RIS, ik
ﬁﬁ 2.34 (f j@?j"&ﬁ) % X#TX! r ; l:ﬁlﬂ E(ang)

—L—:E(X]@)_
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i XEEEVAGFEGMNERASE (BE4E 2.3.5),

i B R 458 3 T HE AT
E{E(X,|%) — E(X|¥)|" = E|E(X, — X{2)|’
< F(E(|X. — X|"|%))
= ElX,, — X|"—0, ﬂEq*'-

MEWEFHENRESHAEHE s BT, o RER
(r > 0), Holder AZRELE Minkowski 2N ER5 L5 o5,
BT, B AR, REMOEEARSAENIME &, RIEN
EM A SRAGR IR

HE235 ey R EESNEK. B EGX)) 7L, W

gE{X| %)) < E(g(X)|#¥) as. (D

E Y XAHERN, X < c (B, BUBEARERE

e(X) — (E(X|%)) = W(EX|¥)DX — E(X|¥)),
MERSANSTRE(-|9), B (BHBEEN4AE 2.3.7)

E@(X)|¥) = 2(E(X|9)) as.
X TR, H
X,—m=<X=n,
X,,,,,={n, r s X,
—m, X < —m,
TRY Xpw MEBERFRER 25, BRI, B
§(E(Xm,a|9)) < E[¢(Xpm.n|9)] as.

£ n—co, Hé m— oo BETIRHERBEHQ), Eh

TEN—AFIGERENEENE E(-|9) BEEEH.

236 &S hE,FEROETB L, E(X|9) %K
B B%ET E(X|B), BIETXLEB LK PRIEY -

1
FT(?)_JB XP(dw),

X BRERT, NRRBRTTCACHZSR G, BRES
IS TRHTHT.
W HRELE we B M, E(X{¥)(w) HEH. ARIEE, &
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EX|9) E0ELCHETBLREAMEs R b, a7 b FREBN
(E(X|%) = o} T BQ{E(X|%) = b} hde3sH @ 7. B
MEBWTFE, B5BAF EFHETFE. BEBLEX|[®) N
BELPNMRET ¢, HIF ¢ = E(X|B), HEXA

[, xptae) = [, ExI%)P,(do) = cP(B).
Hh\ix P(B) >0 41 |

= ey, XP(da) = ECX| B, 5%

BEAERERBIIXHEE & J:E‘HZ?E'T Eﬂ%ﬂéd%
RIEFEET LA —EXHY, HEL&HHENERE, E(X
1) HiE @ WFBWR T LUEK, MR PMHEEOE XNEHE
RF ERNE PEREIESE, B EX %) WERR XX
EEE Y ETF TS, Xt EX|%) X ¥ET.

BENXAE.Z XA Y WMlll, U] E(X{%) =X as. B3
FB3),

SHM237 #E Xew, WEXY|¥) —XE(Y]@) a.s.

W Y X=1Ip, BeF i, HEXA, HEEBcLH

.LF E(1Y | % )Py(d0) = ._L 13YP(dw) = Lsf YP(dw)
= [ =y 1%)?;{@

j' InE(Y] DACHN

0 BAERK < = Tzﬂl%, FRELEE ERr 2R E(lpY|F) =
IpE(Y|9) a5 BAHPEOLME(HE 23.1 (i) F,% X2
IR WEER AT, BF E(XY[¥) = XE(Y|¥) as. R @
B JUE S R AU R S R — R & ‘Izﬂﬂlﬂiﬁm}iﬁ F%gﬁ:EE%
BRI RIR SR A AT,

R, HEX RS WTMT 8 B 9) VE%?FX_[:
BRETEMUEET. R EG|9) BEEREE, iy
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AHEERATE. MUSTFoRY 59 HE .M 9Cg i,
FEEEPEFREC|Y) BEEBTIREC () MZEETE—K
ERFREC|F), KA EG|Y) EEHAKRE, EXERD
g R

B 238 ETFoBFC®, Mas F

ELE(X|9)|9'] = E(X|%') = ELE(X| %) | &1,

W HEIERFI as. 8%, MERK Be¥' &

|, ELECX 9] 971P, (do) SRS
e SBXP(dm)

- j E(X 1P (i),

B B3R @ Tﬂﬂ}% i SR I ZI1EE
CEIE(X|9)|9'] = E(X|%9") as.. ik
A 2.3.7 } 2.3.8 ek e AR Bl — B p0 g AR,
&E239 K wCw, Xcw, W
E(XX'|%") = EIXE(X|%)|%'] as.
BAE . | |
CE(XX'|Y) = E[X’E(X|X’', Y)| Y] as.

4 M 3w

iﬁtﬁ%m%ﬁ a——/rﬁgmﬁ PR A, 4, BB HIE
PILHY, R P(ANA) = P(AOP(4), FINHEHE €, i
WHERTE, R € PERENS €, PR RHER
V. BRI R X, X, BOSAE R E, RV ENELA
WSR2 AP T T o 8 0(X) K o(X) RARE BT B,

RE 241 EWNEE X, Y SDR, BEXRY AR,
W XY ATH, A

E[XY}]=EX - EY,
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ORI X B YREFANEERNES: X= Dl
Y = 2Vl AL A: R By B F mIW., BN 4 ={X =12},
By = {Y = v}, BEXEYNMIrE P(4B,) = P(4)P(BL),
,'!;Q-_ .

EXY = > xipP(AiBy) = D xyiP(A)P(B)
ik ik

= EXEY,
5 X, Y ASEARTREMLE BN %5 R B R

F— 1
Xﬂ == Z JTI(Lﬂ{X{-l—- + ﬁI{nﬁ'ﬁx)!

i i

k= 2 ( )

EXAXx My REMS, HEXTHA X, MY, wiEEHEY, #&h
L E %5 EXaYy = EX,EY,. HI<X,1X,0<Y,1Y,
WO XY, ' XY, & n—o0, ARARAK&EEET EX, YV, =
EX,EY, [€/8 EXY = EXEY. |
BEE—RFE, BXSYMyAX* "X K| X| 57
Y B Y| HERT, MEffEEafiEnTE, Wik
LFERAE|XY] =E|X[E|Y], FTEL XY 24¥#, 4k
EXY=EX* - X )Yt —Y™)
= EX'Y* — EX*Y" — EX"Y* + EX"Y"-
= EX*EY* — EX*EY~ — EX"EY* + EX"EY~-
= EXEY, i
B 242 ELoB g STFHEITEX AN T o
o(X) AW, N E(X|¥) =EX as.
i MEE ¢ ‘-?9 HEE 1 5 X HEEMY, @H LeaEk
&

L E(X |9 )P, (dw) = L XP(dw)
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- ‘X}AP(J(&) = EXEl,

- ’L EXPy,(dw),

R ANER < 0, i EERXH— 48R, B
E(X|%)=EX as. %

¥ AE, E(fo) = EY ass., HX, Y %ﬁﬁﬂﬁﬁg%ﬂ
wE, P(A|F)=P(4) as., HEAE5F HERT,

EH 243 $F,C:HF UMBESHARNESL. D
BKEMT o B EHNEE 41 € F1y L6 F:H

P(4,.4,1%) = B(4,|9)P(4:[|F) a.s., )
MRS &, F: ABBTF o 8 % W&,

ER G = F, ()R T4, = Lale 2s BHXD
KFRAERIL U EEF MR AERE S FiNEflmsz, T
BBE F HHNAFRYX—-BEAEE, Z—FEERZ N
BEHOT o {, 0}, HAEBS €., ¢ T AR I
i, W 1) 3E 24, -
P(414;) = P(A,)P(4,), T
BAETRERNMTERECAEE T o iﬁﬁﬁ@%#?ﬁ!iﬁ&

EE 244 HKETF R Y R G ARETF o R Mgk
M HHEHHER B,e ¥, & -

P(B,| %, N %) = P(B,| %) a.s. @
(RAHER B.c 9. & P(B, % V) =P(B|F) 2.8.)

= GNE = ”(gu &) & ek BE/NFoi

iE HEX, Folli % R A8 TolBE HE@%#%
MLEAER,MER B €Y, B, ¥, 8

E(1303)|%) = E(1; | 9)E(Ip,|%9)as.  (3)
B A AR E (3) ST |
E(l3, |9 NF) = E(Is,| %) as. (2}
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E(ls,|F)E(I5| %) = E[Is E(15,|%)| %] as.
HICAL RREASEREIE (27) &M T
EllsE(ls | 9N %) | 9] = E[1s E(15|8)|D] 25  (4)
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